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Colimits of internal categories

Calum Hughes Adrian Miranda

Abstract

We show that for an extensive 1-category £ with pullback-stable coequalis-
ers admitting free internal categories over internal graphs, the 2-category
Cat(&) of internal categories, functors and natural transformations has fi-
nite 2-colimits. In addition, Cat(£) is extensive and codescent coequalisers
are stable under pullback along discrete Conduché fibrations. Moreover, we
give converse results to this.

1 Introduction

1.1 Context and Motivation

Whilst coproducts in Cat are easily calculated by working levelwise, the co-
equaliser of a parallel pair of functors F,G : C — D has a more complicated
description involving not just equivalence classes of objects and morphisms of
D but also equivalence classes of paths, as described in [3]. Together, these con-
structions ensure that Cat has all finite colimits, which is a foundational result in
the field.

The goal of this work is to provide conditions on a category £ such that the
2-category Cat(€) of internal categories, internal functors, and internal natural
transformations has finite 2-colimits. In order to show that a 2-category has finite
2-colimits it suffices to show that it has coproducts, copowers by the free-living
arrow in Cat (which we denote 2) and coequalisers [15, §3]. Extensivity of an
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& with pullbacks suffices for coproducts and copowers by 2 to exist in Cat(E),
as shown in [10, Lemma 5.2 and Theorem 5.5] and reviewed in Section 2. We
show that for a 1-category &, the property of having pullback-stable coequalis-
ers (Definition 1.3) gives rise to very special coequalisers in Cat(&), as treated in
Section 3. However, the following example illustrates that the property of having
pullback-stable coequalisers in € is insufficient for Cat(€) to have coequalisers.

Example 1.1. Let £ := FinSet, the elementary topos of finite sets. Note that
elementary toposes are locally cartesian closed, and so have pullback stable co-
equalisers in the sense of Definition 1.3. Consider the following diagram in Cat(&),
in which the two functors pick out the source and target of the free-living arrow.

2 (1.1)

If a coequaliser to this diagram existed in Cat(FinSet), then it would have a
single object since the d' and d° would cause the source and target of 2 to be
glued together. Given any finite monoid on 1, we can send the unique arrow
of 2 to any of the generators of the monoid; this will coequalise Diagram 1.1
and so induces a unique arrow out of the coequaliser by its universal property.
Therefore the coequaliser of Diagram 1.1, if it exists, provides the free monoid
on the terminal. [13, Remark D5.3.4 | explains that in an elementary topos &,
the existence of such a free monoid is equivalent to £ having a natural numbers
object. The category FinSet does not have a natural numbers object; this can be
deduced from the fact that the natural numbers object satisfies the axioms for
Peano arithmetic [17, Theorem 2], which cannot be satisfied by any finite set.
Therefore, the coequaliser of this diagram does not exist in Cat(FinSet). In fact,
the coequaliser of this diagram in Cat(Set) is given by the monoid of natural
numbers, which is equivalently the free monoid on the singleton set.

The above example shows that having free monoids is important in the construc-
tion of coequalisers in Cat(€). In the absence of cartesian closedness and a sub-
object classifier, having a parametrised list object on A € £ implies the existence of
the free monoid on A. This follows from [18, Proposition 7.3] by restricting the
construction of the free internal category on a free internal graph to one object cat-
egories and graphs. Since we want to work in a general setting, we will assume
that free internal categories on internal graphs exists in £ on top of preservation
of coequalisers under pullback.

On the other hand, if we assume that £ is locally finitely presentable, then the
existence of 2-colimits in Cat(&) is relatively easy to prove.

Proposition 1.2. Let £ be accessible. Then Cat(&) is accessible as a 1-category. Fur-
thermore, if £ also has finite colimits (so is locally finitely presentable), then Cat(E) has
2-colimits.

Proof. Recall that Cat(€) is of the form Mod (S, £), the category of models for a
finite limit sketch S in £. As £ is accessible, we can apply [16, Prop. 5.13] and
deduce that Mod (S, £) is accessible. For £ locally finitely presentable, we instead
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apply [1, Prop. 1.53], and conclude that Cat(£); is locally finitely presentable,
so has finite colimits, in particular coequalisers. Therefore, Cat(€) has finite 2-
colimits. -

We restrict ourselves to the elementary setting of an extensive category £ with
pullbacks and pullback-stable coequalisers in which the forgetful functor U :
Cat(£); — Gph(€) has a left adjoint. Our main result is Theorem 5.2, which says
that Cat(&) has coequalisers under these assumptions. Finite 2-colimits follow as
a consequence. Moreover, the assumed properties of £ imply certain properties
of Cat(&). In Section 6, we investigate the necessity of the assumed properties on
€ by showing that certain 2-categorical properties of Cat(€) imply these assump-
tions on £. This is all brought together in Theorem 6.8, which shows an equiv-
alence of extensive categories £ with pullbacks and pullback-stable coequalisers
in which the forgetful functor &/ : Cat(£); — Gph(&) has a left adjoint and 2-
categories satisfying a list of axioms. It should be noted that this theorem is writ-
ten in purely 2-categorical terms, without reference to the fact that £ ~ Cat(&),
so that this gives an elementary characterisation of such 2-categories, using the
work of [4].

Examples of categories £ satisfying the necessary condition are given in Section 7
and include elementary toposes with natural numbers objects. Therefore this
work gives a generalisation of the work in [14, Cor. 6.10]'. In particular, we
generalise the result from the setting of elementary toposes with natural num-
bers objects to a setting which does not need cartesian closedness, regularity,
exactness or a subobject classifier. Our proof uses a different method to theirs,
from which it is easier to understand the actual construction of coequalisers of
internal categories. Moreover, our proof is self-contained and does not rely on a
monadic functor theorem, potentially allowing us to generalise to more elemen-
tary settings. However, it is also of interest that internal categories are exactly
the algebras for the free-forgetful monad on internal graphs, and so we provide a
proof using the method of [14, Cor. 6.10] as well in Appendix B.

The study of 2-categories of internal categories has been of increasing interest in
recent years. [5] shows that the assignment £ — Cat(€) is a kind of 2-exact com-
pletion of the 1-category £. 2-categories of internal categories are also of interest
for matters relating to 2-dimensional foundations of mathematics. In previous
work [10] we described the elementary theory of the 2-category of small cate-
gories, which extends Lawvere’s elementary theory of the category of sets to the
higher dimensional setting. This will be extended in future work, where we will
describe 2-categories of categories, which should provide examples of elemen-
tary 2-toposes. Although many possible definitions of elementary 2-toposes have
been given [27, 25, 8], it is generally agreed that 2-toposes should have 2-colimits.
Hence, it is important to understand 2-categories which have 2-colimits, and our
present work establishes this for 2-categories of internal categories under appro-
priate assumptions on £. Relatedly, our result allows for a proof that the model
structure on internal categories described in [7] is cofibrantly generated and alge-
braic, in upcoming work [9].

!We thank Nathanael Arkor for pointing this reference out to us, as well as very helpful dis-
cussions.
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1.2 Structure of the paper

This work is divided into six sections. Section 2 recalls the construction of co-
products and copowers by 2 in Cat(€), and gives a more detailed outline of our
strategy in constructing coequalisers. Section 3 constructs coequalisers of parallel
pairs of internal functors that agree on objects. This simple case allows us to con-
struct coequifiers in Cat(£). We prove that in this case coequalisers of parallel
pairs of internal functors that agree on objects are stable under pullback along
discrete Conduché fibrations. Section 4 uses free internal categories on internal
graphs to construct coequalisers of pairs of arrows out of a discrete category. Sec-
tion 5 brings together all these parts to prove that Cat(£) has coequalisers for
an arbitrary pair of parallel morphisms. Section 6 considers results in the con-
verse direction. We isolate pullback stability of codescent coequalisers (Defini-
tion 6.11) along discrete Conduché fibrations in Cat(€) as being important as it
is equivalent to pullback stability of coequalisers in £ (Propositions 3.7 and 6.7).
Theorem 6.8 states that the assumptions that £ is an extensive category with pull-
backs and pullback-stable coequalisers admitting free internal categories over in-
ternal graphs is equivalent to the assumptions that Cat (&) is extensive, has finite
2-colimits, pullbacks and that coequalisers that agree on objects are stable under
pullback along discrete Conduché fibrations. Theorem 6.12 uses the work of [4]
to state this in elementary terms for a general 2-category K without reference to
the fact that L ~ Cat(£). We conclude in Section 7 with examples of when our
results can be applied. This involves reproving a theorem of Maietti about con-
structing a left adjoint to the forgetful functor ¢/ : Cat(€) — Gph(€) in a more
general setting, though the proof is the same. We also show, due to an argument
by Peter LeFanu Lumsdaine, that list-arithmetic pretoposes have pullback-stable
coequalisers.

1.3 Notation and terminology

We adopt the notation and terminology for internal categories that was estab-
lished in [10, §2]. In particular, note that we sometimes distinguish between the
2-category Cat(€) of internal categories, internal functors and internal natural
transformations, and its underlying 1-category, which we denote Cat(€);,. For a
parallel pair of arrows f,g : X — Y and an arrow h : Y — Z, we say h coequalises
f and g for the situation in which hg = hf. We say that h is the coequaliser of f and
g in the universal such case.

Important to our proof is that coequalisers are stable under pullback.

Definition 1.3. Let £ be a category with pullbacks. We say that £ has pullback-
stable coequalisers if it has coequalisers and for any morphism f : X — Yin € the
pullback functor f* : £/Y — £/ X preserves coequalisers.

More explicitly, this means that if we have f : X — Y and a coequaliser diagram:

A~ B¢ (1.2)
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in £/Y, then the diagram :
A T
4y — 8 2 (o) (13)
fr(h)

is a coequaliser diagram in £/ X (and hence also in £).

Recall that a reqular epimorphism is a morphism that is the coequaliser of some
diagram, and a regular category is a category with finite limits, coequalisers of
kernel pairs and the property that the pullback of a regular epimorphism is a
regular epimorphism.

If £ has pullback stable coequalisers, then regular epimorphisms are stable under
pullback. Therefore, a category with pullback stable coequalisers and equalis-
ers is a regular category, since we are assuming that we have pullbacks and co-
equalisers.

On the other hand, if E is a regular category with coequalisers, this does not guar-
antee that we have pullback-stable coequalisers. Given a coequaliser diagram as
in (1.2), g : B — Cis a regular epimorphism, so by regularity of £ it follows that
f*(q) : f*(B) — f*(C) is a regular epimorphism, and so it is the coequaliser of
some diagram:

— @) L
EZ 5w S o)
However, there is nothing to guarantee that E = f*(A) and k = f*(g),] =
f*(h), and so this does not imply pullback stability of coequalisers in the sense of
Definition 1.3. In our explicit description of coequalisers, it is important that we

have this extra control over the pullback of coequalisers.

2 Constructing finite 2-colimits of internal categories via sim-
pler colimits

Recall (for example from [15, §3]) that finite 2-colimits can be constructed using
finite coproducts, coequalisers of parallel pairs, and copowers by 2. We briefly
review the construction of finite coproducts and copowers by 2 in the 2-category
Cat(&) under the assumption that £ is extensive and has pullbacks. We then
outline the construction of coequalisers of parallel pairs in Cat(&), which we will
develop over the subsequent sections.

First, we describe an internal free-living arrow in Cat(£), which we denote 2¢.
For any object A € Cat(£), the cartesian product 2¢ x A will have the univer-
sal property of the copower of A by 2. The internal category 2¢ can be con-
cretely described as a truncated simplicial object, with n-simplices given by the
(n 4 2)-fold coproduct of the terminal object 1 € &; see [19, Ex. 2.3.2] for further
details. Abstractly, it is the image of 2 under Cat(F) : Cat(FinSet) — Cat(¢),
where F : FinSet — £ is the unique coproduct and terminal object preserving
functor, which is described in of [10, Def 5.4]. We note that with the additional
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assumption of cartesian closedness, Proposition 2.1 (2) is [10, Theorem 5.5 (2)],
but this proof is more general as we only assume extensivity.

Proposition 2.1. Let & be an extensive category with pullbacks. Then Cat(E) has

1. extensive coproducts which are created by N : Cat(£), — [A%,, &].
2. copowers by 2, which for an internal category A are given by 2¢ X A.

Proof. For part (1), the coproduct of a pair of internal categories A and B is given
levelwise by n — A, + B,,. We refer the reader to [10, Lemma 5.2] for a full proof
and details. For part (2), the internal functor 2¢ x A — B corresponding to an
internal natural transformationa : f = ¢ : A — B is given via the description of
2¢ by 2 morphisms ( fo, g0) : Ao+ Ao — Boand (f1,m.a, g1) : A1+ A1+ A1 — By
in £. Further details can be found in [19]. [ |

In light of Proposition 2.1, to show that Cat(£) has finite 2-colimits it suffices
to show that the 2-category Cat(€) has coequalisers of parallel pairs. Moreover,
since Cat(€) has powers by 2, it suffices to show that the underlying category
Cat(&), has coequalisers of parallel pairs.

A naive attempt at constructing a coequaliser of a pair of internal functors would
be to do this levelwise. We have already seen in Example 1.1 that this does not
work even internal to Set since pairs of morphisms may become newly compos-
able once a coequaliser is also taken at the level of objects. In Example 1.1, the
single non-identity morphism of the free living arrow becomes composable with
itself after gluing together its source and target; this new composite is not created
by coequalising on morphisms, and so one must take the free category on the
graph obtained by coequalising on objects and then morphisms.

Our construction of coequalisers of arbitrary parallel pairs of internal functors
F, G: A — B decomposes into the following two steps.

1. First restrict F and G along ep : disc(Ap) — A and form the coequaliser
K :B — D of the parallel pair F-ep and G - ep.

F-SA
/\
disc(Ap) B X D.
\/‘
G-SA

In Proposition 4.6 we show that if £ is a category with pullbacks and pullback-
stable coequalisers in which the forgetful functor ¢/ : Cat(£) — Gph(¢&)
has a left adjoint, then coequalisers of parallel pairs of internal functors out
of discrete categories exist in Cat(&).

2. Next, form the coequaliser P : D — C of the parallel pair of internal func-
tors KF and KG.
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Note that since K coequalises F.e o and G.e p, the functors KF and KG agree
on objects. In Proposition 3.1 we show that if £ has pullback-stable co-
equalisers then Cat (&) has coequalisers of parallel pairs of internal functors
that agree on objects.

Finally, in Section 5 we show that for abstract reasons these steps combine in
such a way that Q := PK : B — C is the coequaliser of the original parallel pair
F,G : A — B. We prove Proposition 4.6, as required for step (1) above, using the
following two auxiliary constructions.

i The construction of free categories on graphs. We use their universal prop-
erty.

ii The construction of coequifiers of parallel pairs of internal natural trans-
formations. We show in Corollary 3.3 that when &£ has pullback-stable
coequalisers then Cat(€) has coequifiers of arbitrary pairs of internal natu-
ral transformations.

In step (1) above, we first forget about any morphisms in A and instead generate
the coequaliser on objects and consider the graph G which has equivalence classes
of objects in B as objects and morphisms in B as edges. The free category on
this graph gives us a category whose morphisms are strings of morphisms in B
that become composable once we coequalise on objects. We require an internal
functor B — F(G), but the construction so far only guarantees us a morphism of
their underlying graphs. The final two coequifiers extend this to a morphism of
graphs which respects identities and composition.

Step (2) then considers the morphisms of A, and takes the coequaliser just on
morphisms. This requires only exactness properties in £.

Remark 2.2. It is interesting to compare this construction with the method used in
§4 of [3] in the context of Cat. Let F, G : A — B. The construction of a coequaliser
in [3] first constructs a relation = on B generated by F and G defined on objects
by a p=ca € Apiff F(a) = G(a) and on morphisms by f r=¢ f iff F(f) = G(f).
It then constructs the generalised congruence r~g generated by this relation, which
closes this relation on morphisms under some axioms. It then quotients B by this
generalised congruence, and the result is the coequaliser. In contrast, Step (1) of
our construction constructs a category in which the generalised congruence on B is
simply an ordinary congruence (in the standard sense of [20], for example) on this
new category. In other words, the category constructed by Step (1) is the setting
in which the generalised congruence is defined. In internal category theory, one
must be very careful to state precisely where things are defined. Step (2) takes the
usual quotient of a category by a congruence.

We do not, however, attempt to define the notion of a generalised congruence on
an internal category.
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3 Coequalisers of arrows that agree on objects

Throughout this section, £ will be assumed to be a category with pullbacks and
pullback-stable coequalisers. The goal of this section is to show that under these
assumptions, the 2-category Cat(€) has coequalisers of pairs of internal func-
tors F, G : A — B which agree on objects in the sense that the morphisms
Fy, Go : Ag — Bg are equal in £. As a corollary, we find that Cat(&) also has
coequifiers under these assumptions. Finally, we show that these coequalisers
are stable under pullback along discrete Conduché fibrations.

Proposition 3.1. Let £ be a category with pullbacks and pullback-stable coequalisers.
Any pair F,G : A — B of internal functors that agree on objects has a coequaliser in
Cat(¢).

Proof. Consider the limit L in £ of the following diagram:

- L >~
HO/”// E7T1 \\\\nz
B, < Aq T* B
% Fody /
%Odl \ dq
By By
and define F := (7o, Fym,m), G = (119,G1ry,712) © L — Bs. We define

Q1 : By — Cj as the coequaliser of the following parallel pair of arrows in &:

F

- s m2
L By — ™ B,
G

We show that (Bp, Cq) turns out to be the objects of objects and morphisms for
an internal category which has the universal property of the desired coequaliser.
We define source and target do,d; : C; — Bp using the universal property of
the coequaliser given the commutativity of the following diagram for (i,j) €

{(0,2),(1,0)}. )
L FE_ ,B— ™ B
-
ol I
Ty
By — 3B d;
Bl i > Do

We define i : By — C; as the composite

B() i > Bl > Cl.

Next, define C; as the pullback of dy,d; : C; — Bg and define Q, : By — C;, to be
induced by the universal property of the pullback, given the morphisms Q; - 7rg
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and Qg - 711. Since coequalisers are stable under pullback in &, it follows that the
following is a coequaliser diagram.
mz-fx BO m2 f
L x By L By L Cz.

mz-éxmz-é

By the same reasoning, the following is also a coequaliser diagram.

B 2.F
3><B—Om> B3>,
B3><BOL B2—>B3XBOC1.
Bngz-é

In the following, the morphism Qq.m? : B3 xp, By — Cj coequalises the pair
B3 x g, m? - F, B3 x B, M> - G by definition of the maps involved and associativity
of composition in B. This induces an arrow u : B3 x g, C; — C; by the universal
property of the coequaliser.

B3 XBOF

-0 B3 x g, m?
B3><BOL B3><B0B3—>B3><BOBl
B3xp,G
ms3 x BOA1 X By Bll 3 Xfo lm3 lmZ
F ? m? Q1
L . B3 ? B1 ? C1
G

By definition of the coequalisers involved and associativity, the following dia-
gram commutes.

fXBOL B3><BOF m4

LXBOL—>33><BOL >Bg><BOB3—>Bz
GXBOL _ lB;;XBOé 33X30m2 m

v BSXBOF v m3 v

B3><BOL—>B3><BOB3 BgXBOBl—>B1

wmz
Bs X, By B3xp,Q1
- B3xp,Q1
B3><BOG \ Ql
B3 xp, Q1 M
, B3 X By B1 > B3 X By C1
B3 xg, B > By > B y C
3 7By 23 m? x g, m? n ! Q1 !

Therefore, we obtain a unique arrow m : C; — C; such that mQ, = Qm.
We claim that C := (By, Cy,dp, d1, i, m) forms an internal category. The laws spec-
ifying the source and target of identity morphisms are satisfied as shown below:

BO d > B1 & ? C1
d. .
i . 1€40,1}.
N ldl { }
By
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To show that the laws specifying the source and target of composite morphisms
are satisfied, we appeal to the universal property of Q, as the coequaliser of F,
and G,. We show that, for i € {0,1}, the maps Q.d;m, Q2d;7t; : B — By are
equal in the diagram below. Both maps clearly coequalise F», G, : Ay — Bj. By
uniqueness aspect of the universal property, it follows that d;m = d;m;.

The other axioms follow similarly; for example, the left unit law follows from
the fact that by the assumption that coequalisers are closed under pullbacks, the
following diagram is a coequaliser diagram:

BoXBOmZ-ﬁ Boxp. O
0
BOXBOL B0X30B1—>B0XBOC1
B()XBOHZZ'G

and so we can check the left unit law by showing that the maps

m - (i xp, C1) - (Bo xp, Q1), 711 - (Bo X B, Q1) : Bo X, B1 = C

are equal, and since both maps clearly coequalise the diagram above, by unique-
ness of the universal property, it follows that m - (i xg, C1) = 7r1. The right unit
law and associativity of composition follows using the same method; the details
for associativity can be found in appendix A.

This shows that C is an internal category.

By definition of dy,d; : C; — By, i: By — C; and m : C; — Cy, it also follows that
Q := (idp,, Q1) is well-defined as an internal functor B — C. We now show that
it has the universal property of the coequaliser of F and G.

Given
F
A "B-2,cC
G
N
D

where RF = RG, we define K; : C; — Dj by the universal property of C; as a
coequaliser given the following equalities.
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Ry -m? - (By xp, Fy xp, B1) = m*-Rs - (By xp, F; xp, By)
= m*(R xp, F; - R xp, R) = m*(R ><DO G- R xp, R)
= mz-R3-(B1 XBOGl xBoBl) Rq - m (Bl xBoGl xBoBl)
The following diagrams show that K := (R, K;) assembles into a functor C — D.

The diagrams make use of the universal property of Q; and Q; as coequalisers.
Uniqueness of K : C — D follows from uniqueness of Kj.

Bo > Do By ? C2 y Dy
\R_/
\ B1 2l > Cq i y Dq X 2

C1 > D1 Cz m > C1 > D1

We will use the following result to show that coequifiers exist in Cat(€) when &
satisfies the assumptions of Proposition 3.1 and is moreover extensive.

Lemma 3.2. Let K be a 2-category with powers by 2. Then the equifier of a parallel pair
of 2-cells@, B : f = g:A — Bexists if and only if the equaliser of the corresponding
morphisms &, 3 : A — B2 exists. In this case, the limits agree.

Proof. We can check this representably in Cat. Recall that an equaliser of &, 3 :
A — B?in Cat is given by the full subcategory of those a € A such that &(a) =
B(a). Similarly, recall that the equifier of @, B : f = g in Cat is given by the full
subcategory of a € A such that &, = f,. By definition, &(a) = a, and B(a) = B,,
so these define the same thing. m

The corollary to follow records conditions under which the 2-category Cat(&)
has coequifiers. These will be used in the construction of coequalisers of parallel
pairs of internal functors whose domains are discrete in Section 4.

Corollary 3.3. Let £ be an extensive category with pullbacks and pullback-stable co-
equalisers. The 2-category Cat(E) has coequifiers.

Proof. Consider the parallel pair of internal natural transformations displayed be-
low left. By Lemma 3.2 applied to K = Cat(&)°?, these correspond to the parallel
pair of internal functors displayed below right. Observe that both functors are
given on objects by the morphism (Fy, Go) : Ao+ A9 — By. Hence the result
follows from Proposition 3.1.

F o
/\ /_\
A aﬂ Hﬁ B 2¢ X A B [ ]
\6/ \/’
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Remark 3.4. We also note that under the assumptions that £ is a pretopos, Cat(&)
also has cocomma objects which are constructed in a similar way. Given a span

of functors A +-— B —5 C, their cocomma has object of objects given by

By + Cp and object of morphisms constructed using limits and coequalisers in £.
Specifically, first construct the limit L of the diagram displayed below.

B1 A() Cl
DN oh N
By Co

When £ = Set this limit consists of a morphism f in B, a morphism g in C
and a ‘heteromorphism’ from the target Z of f to the source Y of g whenever
there is an object X in A satistying FX = Z and GX = Y. This heteromorphism
will correspond to the component on X of the natural transformation forming
part of the cocomma cocone. To ensure that these heteromorphisms form a natu-
ral transformation, we next form the coequaliser of a parallel pair of maps from
b,c : A1 — L. These maps are induced by the universal property of L, given the
data displayed below left for b and below right for c.

A A Ay &0 A,
\GO FO/
do CO CO do

b
By Ap Cq By Ao G
By Co By Co

We leave details of the proof that this gives a well-defined internal category which
has the universal property of a cocomma to the interested reader. Cocommas in
Cat (&) will not be needed in this paper.

It is not true that coequalisers in £ being stable under pullbacks implies that all
coequalisers in Cat(&) are stable under pullback; a counterexample is given in
the case that £ = Set by Shulman [24]. However, from our construction it is
not too hard to see that given pullback stability of coequalisers in £, a certain
class of coequalisers is stable under pullback along discrete Conduché fibrations.
Discrete Conduché fibrations can be defined representably in any 2-category, but
we recall an equivalent description for internal categories below.
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Definition 3.5. Let £ be a category with pullbacks. An internal functor F : X — Y
is called a discrete Conduché fibration if the square displayed below is a pullback.

XzLYz

X1 — Yl
K
Discrete Conduché fibrations are precisely those internal functors in which we

can lift composites in Y that are in the image of F uniquely to composites in X.
The following result will be useful.

Lemma 3.6. Let F : X — Y be a discrete Conduché fibration in Cat(E). Then the

following square is a pullback.

X3L>Y3

S

X1 —mN
I8

Proof. It is enough to prove this representably in Cat, in which case it is an easy

exercise in lifting a composable triple in Y that is in the image of F to a compos-

able triple in X by using the discrete Conduché property twice. m

Proposition 3.7. Let £ be a category with pullbacks and pullback-stable coequalisers.
Then coequalisers of parallel pairs of internal functors that agree on objects are stable
under pullback along discrete Conduché fibrations.

Proof. Let F,G : A — B in Cat(€)/Y with Fy = Gy and coequaliser Q : B — C
and f : X — Y in Cat(£). We will show that f*(Q) : f*(B) — f*(C) is the
coequaliser of f*(F), f*(G) : f*(A) — f*(B). First, note that it is clear that
f*(F)o = f*(G)o-. Following Proposition 3.1, the coequaliser of f*(F) and f*(G)
is given by the coequaliser of the following diagram

£i(L) _T £1(Bs) s £y,
(G

The discrete Conduché condition allows us to rewrite the above diagram as a
pullback over f; rather than a mixture of f; and f3; by the pullback lemma and
Lemma 3.6 the outside of the following diagrams are pullbacks.

fi(L) —— L f3(B3) — Bs
| oo
X3L>Y3 X3L>Y3
A e e

X1—1>Y1 X1—1>Y1
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Therefore, the coequaliser of f*(F) and f*(G) is given by the coequaliser of the
following diagram.

£ (F) o
fr(L) _T fr(By) —"L e my).
(G

Now, since coequalisers are stable under pullback in &, the coequaliser of this
diagram is f;'(Q) : f{(B1) — f{(C1), as required. ]

Note that the previous proposition is trivial in Cat since discrete Conduché func-
tors are examples of exponentiable functors, and so pullback along them has right
adjoint, so preserves all colimits. In fact, for any elementary topos &, [11, Theo-
rem 2.37] tells us that Conduché fibrations are exponentiable in Cat(€) and so
this result is only notable in the cases in which £ is more general.

In Lemma 6.7 we prove the converse of the above result. This in particular tells us
that Conduché fibrations are not always exponentiable in Cat(£); when £ does
not have pullback-stable coequalisers, Conduché fibrations in Cat(£) cannot be
exponentiable.

In light of Corollary 3.3, Proposition 3.7 implies coequifiers in Cat(£) are stable
under pullback along discrete Conduché fibrations.

Corollary 3.8. Let £ be an extensive category with pullbacks and pullback-stable co-
equalisers. Then the 2-category Cat(&) has coequifiers which are stable under pullback
along discrete Conduché fibrations.

Proof. Let f : X — Y be a discrete Conduché fibration in Cat(£) and consider
a pair of parallel internal natural transformations &, : F = G : A — B in
Cat(£)/Y. By Corollary 3.3, the coequifier of @, B in Cat(£) can be expressed
as a coequaliser of a pair of parallel internal functors that agree on objects &, 3 :
2¢ x A — B. This is in Cat(€)/Y via the projection 2¢ x A — A. By Proposi-
tion 3.7, this coequaliser is stable under pullback along f. Moreover, notice that
f*(2¢ x A) = 2¢ x f*(A) and so in pulling back, we obtain the coequaliser of the
pair f*(&), f*(B) : 2¢ x f*(A) — f*(B) in Cat(£)/X. Again, by Corollary 3.3,
this corresponds exactly to the coequifier of the pair of parallel internal natural

transformations f* (&), f*(B) : f*(F) = f*(G) : f*(A) — f*(B). ]

4 Coequalisers of pairs of arrows out of a discrete category

Throughout this section, we assume that £ is a category with pullbacks and
pullback-stable coequalisers in which the forgetful functor / : Cat(€); — Gph(&)
has a left adjoint denoted IF : Gph(€) — Cat(£);. In Section 7, we give examples
of categories satisfying these conditions; these include elementary toposes with
natural numbers objects and list-arithmetic pretoposes. The goal of this Section is
to prove that Cat(&) has coequalisers of pairs of arrows F, G : Ag — B where Ay
is a discrete category. Our proof uses the universal property of the free category
on a graph, which we state explicitly in Corollary 4.1, to follow. Our proof also
uses the fact that if we have pullback-stable coequalisers in &, then Cat(£) has
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coequifiers of any parallel pair of natural transformations, as recorded in Corol-
lary 3.3.

Corollary 4.1. Let Ag be a discrete category internal to € and let F, G : Ao — B be
a parallel pair of internal functors. Form the coequaliser kg : By — Cy of the parallel
pair Fy, Go : Ag — By in E. Consider the graph G := (By, Co, ko - do, ko - d1) internal
to €. There is a category F(G) and a morphism of graphs ng : G — UIF(G) with the
property that for any internal category H and morphism of graphs h : G — U (H) there
is a unique internal functor h' : F(G) — H satisfying U(K") - ng = h.

Proof. The morphism of graphs #¢g : G — UF(G) is the component of the unit for
the adjunction IF 4 U/ at the graph G. The property stated for g : G — UF(G) is
precisely the universal property of the unit. n

Lemma 4.2. There is a morphism of graphs k : U(B) — UIF(G) defined on vertices
by the coequaliser kg : By — Co of Fy and Gy, and on edges by the edge-assignment
(1g)1:G1 = B1 = E(G)1.

Proof. Since 1¢ : G — UF(G) is a morphism of graphs, we see that for i € {0,1},
the equation displayed below holds.

dr9 - (ng)1 = (ng)o- d9 = ko - dP (4.1)

This is because kj - d]F : By — Cp is the source of G and kg - dlf : By — Cp is the
target of G and (7)o — 1¢, (as proven in Lemma B.4). This says precisely that
k:U(B) — UF(G) is well-defined as a morphism of graphs. ]

The morphism of graphs k : U(B) — UF(G) of Lemma 4.2 will typically not be
compatible with identity or composition structure. This is rectified by construct-
ing a coequifier ensuring each of these conditions is satisfied.

Lemma 4.3. There is a parallel pair of natural transformations ®,8 : ko = ko :
disc(By) — F(G) as displayed below left whose component assigning morphisms
a,B : By — TF(G); are given by (1g), - i® and i¥9) . ko respectively, as displayed
below right.

/\@ /Y
5 \/

Proof. As disc(By) is discrete, it suffices to show that @ and B respect sources and
targets. For « this follows from sources and targets for identities for the category
B, while for § this follows from the same axioms for the category IF(G). m
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Lemma 4.4. Let p : F(G) — 1 be the coequifier of & and B. There is a parallel pair
of natural transformations 7,8 : p-ko-m® = p-mF9) .yg, . disc(By) — L as
displayed below left, whose component assigning morphisms 7y, : By — 1 are given by
p1- (1g)1 - m® and m" - py - (yg)2 respectively, as displayed below right.

p-ky-m®

1 / \"“’

Mg1

Proof. The proof is similar to that of Lemma 4.3, now using sources and targets
for composition for the category B to prove that v respects sources and targets,
and sources and targets for the category I to prove that ¢ respects sources and
targets. [

Lemma 4.5. Let t : I — C be the coequifier of the natural transformations 7 and &
of Lemma 4.4. The morphism of graphs displayed below is well-defined as an internal
functor.

p

Q:= (B —— F(G) » I — C)

Proof. Respect for identities is witnessed by the commutativity of the following
diagram, in which the left region commutes by the definition of the coequifier
p : F(G) — 1, and the other regions commute by functoriality of p and .

ko=4q0
_

t
BO IF(g)O Po ? IO 0 > CO

By —— F(G) y I s Cq

Respect for composition is witnessed by the commutativity of the following
diagram, in which the region on the left commutes by definition of the coequi-
fier t : T — C and the region on the right commutes by functoriality of ¢.

2 _’792 t

B2 ]P(g)z P2 > 12 2 > Cz

Bl k1—>77g1 IF(Q)1 Pl > Il ? C1
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Proposition 4.6. The internal functors F, G : Ag — B in Cat(€) have a coequaliser
given by Q : B — C, where this internal functor is defined as in Lemma 4.5.

Proof. Given an internal functor R : B — D such that RF = RG, we show that
there exists a unique internal functor S : C — D satisfying SQ = R.

F
Ao ]B&C
G |
&f

D

Define Sy : Cp — Dy by the universal property of kg as the coequaliser on objects.
Note that there is a morphism of graphs W := (So, R1) : § — UD as exhibited by
the commutativity of the following diagrams:

R4 Rq

By

>D1

> D1 Bl

\d}? \d]lB

ko-do ko-di

/\ /\

Hence, by the ad]unctlon IF - U, there exists a unique internal functor W# :
F(G) — D such that U (W*)ng = W. The commutativity of the following dia-
gram shows that W# coequifies the natural transformations in (4.3), which
induces a unique functor Y : I — ID.

By i > By ? IF(g)l

CO T) IF(g)l T D1
1

The commutativity of the following diagram shows that Y coequifies the natural
transformations in Equation 4.4, which induces a unique functor Z : C — D.

Bz m? )1 SN I
16,
/YzT
]F 2 ]I / Dl

By construction, ZQ = RB — C and R : C — D is the unique such functor that
does this, as required. m
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5 Coequalisers of arbitrary pairs

In this section, we put together all the work from previous sections in order to
show that for £ an extensive category with pullbacks and pullback-stable co-
equalisers in which the forgetful functor ¢/ : Cat(£); — Gph(&) has a left ad-
joint, the 2-category Cat(€) has coequalisers of arbitrary pairs of arrows. More-
over this gives a recipe for how to calculate coequalisers in Cat(£). We give a
proof of this through Lemma 5.1, which is a more general statement about co-
equalisers in 2-categories K for which the inclusion of discrete objects disc(K) —
K is sufficiently well-behaved. Our previous results allow us to apply this lemma
to the 2-category Cat(&).

Lemma 5.1. Let K be a 2-category for which the inclusion of the full-subcategory of dis-
crete objects disc : Disc(K) — K has a left adjoint (— ) with counit € : disc((—)o) —
1xc and unit which is given component-wise by identities. Suppose K has coequalisers of
any parallel pair f,g : A — B for which either of the following conditions hold.

1. fo = go,or
2. Ais in the image of disc.

Then K has all coequalisers.

_f

Proof. Let A B be a parallel pair. By condition (2), K has the co-

equaliser of f -e4 with ¢-e4. Let g : B — C denote this coequaliser; it has
the property that qf - €4 = gg-€a. Applying (—)o to this, and by noting that
Ap = disc(Ap)o since the unit has identities as its components and by the triangle
identities for the adjunction, it follows that (€4)o = 14,,50 (9f)o = (9f - €a)o =
(9 - €a)o = (g8)o, so by condition (1), qf and g¢ have a coequaliser, p : C — D.
We claim that gp : B — D is the required coequaliser of f and g. Certainly,
qrf = qpg as they agree on objects and arrows by construction, so it remains
to show the universal property of the coequaliser holds. Given r : B — E such
thatrf = rg, thenrf -e4 = rg - €4 and so by the universal property of C as a co-
equaliser of f - €4 and g - €4 we get an induced unique arrow t : C — E. But then
t(qf) = rf = rg = t(qg) so by the universal property of D as the coequaliser of
qf and gg, we get an induced unique arrow w : D — E such that wpqf = wpqg,
as required. n

We are now able to verify our main result.

Theorem 5.2. Let £ be an extensive category with pullbacks and pullback-stable co-
equalisers in which the forgetful functor U : Cat(£); — Gph(E) has a left adjoint.
Then the 2-category Cat(E) has finite 2-colimits.

Proof. From the discussion in Section 2, it suffices to show that Cat(£) has co-
equalisers. To do this, we verify that Lemma 5.1 applies to K := Cat(£). The
functor disc : Disc(Cat(£)) ~ £ — Cat(€) has a left adjoint given by (—)o :
Cat(€) — &, with disc(E)p = E for any E € £ [10, Remark 2.13]. By Proposition
3.1, condition (1) of Lemma 5.1 holds while by Proposition 4.6, condition (2) of
Lemma 5.1 holds. n
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Remark 5.3. In Section 7, we explore categories satisfying the required conditions
to apply this theorem. Examples include when £ is a list-arithmetic pretopos or
elementary toposes with natural numbers objects. In either case, parameterised
list objects in £ are needed to form free categories on graphs, which are used
in the construction of general coequalisers in Cat(£). However, it is of interest
to describe the coequalisers that exist in Cat(€£) when milder assumptions are
made on &, such as just exactness properties between limits and colimits. Let
& have finite limits and colimits and suppose moreover that it is extensive and
has pullback-stable coequalisers. Consider a parallel pair of internal functors
F,G: A — Bandlet Qp : By = Cp denote the coequaliser of Fy and Go. We
briefly describe, without proof, what we believe should be a sufficient condition
that is weaker than the existence of the free category on the graph

Qo-dq
G:= Bl C()
Qo-do

but under which the coequaliser of F and G still exists in Cat(€). We describe this
explicitly when £ := FinSet and leave the generalisation to the internal setting
to the interested reader. Let C, € Gph(&) denote the cycle of length #; this can
be built by first constructing the path of length n using the terminal object and
coproducts, and then using a coequaliser to identify the source and target of the
path. Then the coequaliser of F, G : A — B exists in Cat(€) if for all n € IN and
any map C, — G, the following lifting problem has a solution in Gph(¢).

”‘ l (5.1)

Ch —G

This is to say that any cycles which appear in the graph produced by taking equiv-
alence classes of objects in B already exist in the underlying graph of B itself. This
means that the coequaliser of F - e¢p and G - €5 can be formed in Cat(&), without
using parameterised list objects in £. We leave detailed verification of this con-
struction under these milder assumptions to future work.

6 A characterisation of when Cat(&) has 2-colimits

In this section, we prove a converse of Theorem 5.2. It is clear that the existence
of finite 2-colimits in Cat(€) implies the existence of finite colimits in &; this is
spelled out in Lemma 6.1. By Lemma 6.2, the existence of finite 2-colimits in
Cat(&) implies that the functor ¢/ : Cat(€); — Gph(&) has a left adjoint. We iso-
late the property of Cat(€) having codescent coequalisers which are stable under
pullback along discrete Conduché fibrations as being important as it implies pull-
back stability of coequalisers in £. This is recorded in Lemma 6.7. We prove that
the assumptions of £ being an extensive category with pullbacks and pullback-
stable coequalisers in which the forgetful functor ¢/ : Cat(£); — Gph(€) has a
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left adjoint is equivalent to the 2-categorical assumptions that Cat(€) is an exten-
sive 2-category with finite 2-colimits, pullbacks and codescent coequalisers which
are stable under pullback along discrete Conduché fibrations in Theorem 6.8.
We state this in purely 2-categorical terms without reference to the fact that the
2-category is of the form Cat(€) in Theorem 6.12 following [4].

Lemma 6.1. Let & be a category with pullbacks and suppose Cat(E) has finite 2-colimits.
Then & has finite colimits.

Proof. This is clear from the adjunctions disc 4 (—)p 1 indisc that colimits in £
can be calculated in Cat(€) by applying the disc functor, calculating the colimit
and then applying (—)o, since (—)g o disc = idg¢. ]

The following observation is noted in the case when £ = Set in [4, Example 2.6].

Lemma 6.2. Let & be a category with pullbacks, and suppose that Cat(E) has finite
2-colimits. Then the forgetful functor U : Cat(£); — Gph(E) has a left adjoint.

Proof. Let G = (Go, Gy,s,t) be an internal graph in £. Since Cat(£) has finite
2-colimits, we can construct the coinserter of the following diagram in Cat(&):

disc(s)
Y Q
disc(Gy) disc(Gp) ---- » F(G).

~_
disc(t)

This universally coinserts a 2-cell Qdisc(s) = Qdisc(t), which out of a discrete
category means that in IF(G), there is an actual 1-cell in [F(G) for any arrow in G,
with source and target as desired. The universal property of the coinserter in this
situation is exactly the same as the universal property of the free category. m

Corollary 6.3. Suppose Cat(&) is cartesian closed and has finite 2-colimits. Then & is
cartesian closed and has a natural numbers object.

Proof. 1f Cat(&) is cartesian closed, then € is cartesian closed by [10, Theorem 4.1].
By Lemma 6.2, the existence of finite 2-colimits in Cat(£) implies that we have a
left adjoint to ¢ : Cat(£); — Gph(&); by construction, this left adjoint restricts
when considering one-object categories and graphs to become a left adjoint to
U : Mon(E) — &, so that € has free monoids. Note here that we are using that
one-object internal graphs are simply objects of £. In a cartesian closed category,
having free monoids is equivalent to having a natural numbers object by taking
the free monoid on the terminal object; a proof of this is given in [11, p. 190] and
is due to C.J. Mikkelsen. [ ]

Next, we prove a converse of Proposition 3.7, showing a correspondence of exact-
ness conditions. The proof requires the following “two-point suspension” functor
2[—]: & — Cat(€).
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Definition 6.4. Given X € &, the internal category 2[X] has object of objects
1+ 1’ and object of arrows 1+ X + 1/, in which we write 1’ to distinguish the
two copies of the terminal object. It has identity assigner given by a coproduct of
the coprojection maps i := (11 +1y) : 141 - 1417 +X =214+ X471, and it
has source and target maps givenby dy := 11 +11-! 41y : 1+ X+1 — 141 and
di:=1+ 1! +1p:1+X+1 — 1+ 1. By extensivity,

1+ X+1) X141 (1+X+1) =1+ X+1,

and we define m := idy, x,y. Given a morphism f : X — Y in &, the inter-
nal functor 2[f] : 2[X] — 2[Y] is defined on objects by 2[f]o := id; ;1 and on
morphisms by 2[f]; : =1+ f + 1.

It is easy to verify that 2[—] : £ — Cat(E); is well-defined as a functor, and that
each internal functor 2[f] : 2[X] — 2[Y] is a discrete Conduché fibration.

Lemma 6.5. Let £ be an extensive category with pullbacks. Then the functor 2[—] :
E — Cat(&), preserves any coequalisers that exist in £. Moreover, these coequalisers
are created by the nerve N : Cat(€); — [A‘%, &l

Proof. Consider a parallel pair f,g : X — Y in £. Denote the coequaliser in £ by
g : Y — C. Denote the coequaliser of the parallel pair 2[f], 2[¢] : 2[X] — 2[Y] in
Cat(&) by p : 2[Y] — C. The functor (—)o : Cat(£) — & preserves colimits, so
po : 1+1" = Cy. Certainly, 2[g] coequalises 2[f] and 2[g], so this induces a unique
arrow C — 2[C]. Moreover, by extensivity, the coequaliser of 1+ 2[f] + 1’ and
1+2[¢]+1is1+4+2[g]+1 : 1+2[Y]+1 — 1+2[C] + 1/, so this induces a unique
arrow 71 : 1+ 2[C] + 1" — C;. Itis not hard to check that (pg, 1) assembles into an
internal functor 1+ 2[C] + 1’ — C and that thisisinversetop : C — 1+2[C] + 71,
finishing the proof. u

Lemma 6.6. Let £ be an extensive category. Then the functor 2[—| : € — Cat(€)
preserves pullbacks.

Proof. This follows representably from £ = Set, where it is straightforward to
verify. n

Proposition 6.7. Let £ be an extensive category with pullbacks and suppose that the
2-category Cat(E) has coequalisers of parallel pairs of internal functors that agree on
objects. If these coequalisers are stable under pullback along discrete Conduché fibrations,
then & has pullback-stable coequalisers.

Proof. Leti: A — B and consider the following coequaliser diagram in £/ B:

f
X YLC

SbA

By Lemma 6.5, this is sent to a coequaliser diagram in Cat(£)/2[B] under 2[—|;
note that 2[f]o = idq,1 = 2[¢]o, and so this is a coequaliser of a parallel pair of in-
ternal functors that agrees on objects. Therefore, by assumption, it is stable under
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pullback along 2[i] : 2[A] — 2[B] which is in particular a discrete Conduché fi-
bration, and so by Lemma 6.6 we get a coequaliser diagram in Cat(&) /2[A] given
by the following;:
A, li*g
2[1*Y

2i X]
Q / (6.1)
2[i*x] Z[A 2[i*c]

Since 2[f]p = 2[g]o, by Lemma 6.5, this is a levelwise coequaliser, so the following
diagram is a coequaliser in £/(1+ A +1):

1+i* f+1/
5k !/ ? H /
1+i*X+1 1+*Y+1
1+i*g+1/

1+i*g+1' .
i 1+i*C+1

Since coequalisers commute with coproducts, it follows that the following is a
coequaliser in £/ A, as required.

i'f "
. 7, i .
X Y —q> i*C ]
T>
rg

We therefore have the following characterisation of when Cat(&) has 2-colimits.

Theorem 6.8. Let £ be a category with pullbacks. Then &£ is extensive, has pullback-
stable coequalisers, and the forgetful functor U : Cat(€),; — Gph(E) has a left adjoint if
and only if the 2-category Cat (&) is extensive, has 2-colimits, pullbacks and coequalisers
of parallel pairs of functors that agree on objects are stable under pullback along discrete
Conduché fibrations.

Proof. The equivalence of extensivity of £ and of Cat(£) is given in [10, Lemma
5.2] and £ has pullbacks if and only if Cat(£) has pullbacks. If £ is a category
with pullbacks and pullback-stable coequalisers in which ¢/ : Cat(£); — Gph(&)
has a left adjoint, then Theorem 5.2 and Proposition 3.7 show that Cat(£) has
finite 2-colimits and that coequalisers of parallel pairs of functors that agree on
objects are stable under pullback along discrete Conduché fibrations. Conversely,
suppose that Cat(€) is extensive, has 2-colimits, pullbacks and coequalisers of
parallel pairs of functors that agree on objects are stable under pullback along
discrete Conduché fibrations. Then Proposition 6.7 shows that £ has pullback-
stable coequalisers and Lemma 6.2 shows that ¢/ : Cat(£); — Gph(£) has a left
adjoint. m

Corollary 6.9. There exist Conduché fibrations between double categories that are not
exponentiable.

Proof. Let £ = Cat. By Theorem 6.8, if all Conduché fibrations of double cat-
egories (i.e. in Cat(Cat)) were exponentiable then all coequaliser diagrams in
Cat(Cat) would be stable under pullback along discrete conduché fibrations,
which would imply that Cat has pullback-stable coequalisers. However, Cat

does not have pullback-stable coequalisers — a simple counterexample is given
in [24]. u
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In [21], Conduché fibrations of double categories are called pre-exponentiable
because they are shown to satisfy a lax exponentiability condition.

Remark 6.10. Let

A "B-2.C
G

be a coequaliser diagram in Cat(£) in which Fy = Gy. By Proposition 3.1, the
coequalising map Q : B — C is an isomorphism on objects. In Cat(€), such
functors have a special importance — they are the codescent morphisms [4]. We
use this to phrase Theorem 6.8 in a purely 2-categorical way, without reference to
the fact that the 2-category is of the form Cat(&).

Definition 6.11. Let K be a 2-category. A coequaliser diagram

A 'B-2.C
G

is called a codescent coequaliser if Q : B — C is a codescent morphism in K.

We collect the results of this section so far and combine them with Bourke’s char-
acterisation of 2-categories of the form K ~ Cat(€) in the following.

Theorem 6.12. Let £ be an extensive category with pullbacks and pullback-stable co-
equalisers in which the forgetful functor U : Cat(£); — Gph(E) has a left adjoint.
Then the 2-category K := Cat(E) satisfies the conditions listed below. Conversely, if
IC satisfies the conditions listed below, then there is a 2-equivalence K ~ Cat (€) where
& = Disc (K), in which &£ is extensive, has pullbacks and pullback-stable coequalisers
and the forgetful functor U : Cat(€),; — Gph(E) has a left adjoint.

1. K has pullbacks and powers by 2.

2. K has codescent objects of categories internal to K whose source and target maps
form a two-sided discrete fibration.

3. Codescent morphisms are effective in K.

4. Discrete objects in K are projective, in the sense of Definition 4.13 of [4].

5. For every object A € K, there is a projective object P € K and a codescent mor-
phismc: P — A.

6. K is extensive.

7. K has finite 2-colimits.

8. Codescent coequalisers in K are stable under pullback along discrete Conduché fi-
brations.

Proof. The properties (1)-(5) are the conditions listed in Theorem 4.18 of [4], from
which we can deduce that £ ~ Cat(£) where £ := Disc (K). The properties
(6)-(8) allow us to apply Theorem 6.8. n
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7 Examples and future work

In this section, we give examples of extensive categories with pullback-stable co-
equalisers in which the forgetful functor i/ : Cat(€) — Gpd(&) has a left adjoint.

Definition 7.1. [18, Def. 2.4] Let £ be a category with finite limits. We say that
& has parametrised list objects if for any X € &, there exists an object L(X) € £
together with morphisms r{ : 1 — L(X) and r{ : L(X) x X — L(X) such that for
anyb: B — Yand g:Y x X — Y, there exists a unique u : B x L(X) — Y such
that the following diagram commutes.

1,7
B 0 g 1(x)
P

5\9Y< Y x X

8

inwhich o : B x (L(X) x X) — (B x L(X)) x X is the associativity isomorphism
of the cartesian product.

Remark 7.2. We note that for any category & with parametrised list objects, the
assignment X — L(X) extends to a functor L : £ — &; on morphisms f : X — Y,
we define L(f) : L(X) — L(Y) by the universal property of the parametrised
list objects, taking B = 1,Y = L(Y),b = r{ and g = r] o (Tpery X f) = L(Y) %
X — L(Y) in the above definition. Moreover, there is a multiplication action
px : L(X) x L(X) — L(X) defined by the universal property by taking B =
L(X),Y = L(X),b = 1;x) and g = r{. L(X) is a monoid in (&, x,1) with
multiplcation px and unit r§.

Example 7.3. Useful intuition is provided by the case £ = Set. For any set X,
L(X) is defined to be the set of words with alphabet X, otherwise known as the
free monoid generated by X. The morphism r§ : 1 — L(X) is given by the empty
list. The morphism 7 : L(X) x X — L(X) takes a word (x;...x,) and an element
y € X and outputs the word (x3...x,¥). The morphism px : L(X) x L(X) — L(X)
concatenates two words ((x1...X,), (Y1.--Ym)) +— (x1, .. XnY1...ym). The morphism
vx : X — L(X) takes an element x € X and forms the singleton word (x) € L(X).

Remark 7.4. Any category with parametrised list objects has a parametrised
natural numbers object by taking X = 1. We also remark that if £ is cartesian
closed, then the existence of parametrised lists objects (resp. a parametrised nat-
ural numbers object) is equivalent to the existence of list objects (resp. a natural
numbers object) [12].

Definition 7.5. A locos is an extensive category £ with parameterised list objects.
If £ is also regular, we call it a reqular locos. If it is exact, we call it a list-arithmetic
pretopos. If it is additionally locally cartesian closed, we call it an arithmetic 11-
pretopos.
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In particular, we have the following useful properties.

* Any locos is extensive and has finite products, so it is distributive [6]. It also
has finite coproducts.

* Any list-arithmetic pretopos has coequalisers [18, §3.9], and therefore has
finite colimits.

We show that our main result, Theorem 5.2 is satisfied by any locos with finite
pullback-stable coequalisers; that is we show that for a locos &, the forgetful
functor ¢ : Cat(£) — Gph(€) has a left adjoint. This is essentially proved in
[18, Prop. 7.3], which shows this result for list-arithmetic pretoposes; the proper-
ties of exactness or even regularity are not used for the construction given there;
quotients are not used in the proof, which we describe below.

7.1 The free internal category on an internal graph

Throughout this section, let £ be a locos, with notation as given in Section 7.
We recall the free internal category on an internal graph given in [18, Def. 7.2].
The description we give is equivalent but uses categorical language to describe
the structure rather than the internal type theory of a list-arithmetic pretopos. In
[18, Prop. 7.3], it is proven that this forms a left adjoint to the forgetful functor
U :Cat(£); — Gph(¢&).

Let G = (Go, Gy, s, t). Define FGy := Gy and [FG; as the equaliser of the following
diagram:

LGO X Go

!xL(t)xlc/v \f’(’

Go x L(Gy) x Gg L(Gp) (7.1)

1GoXL(S)X!\) 4{?

Go X L(Go)

where p denotes the symmetry isomorphism of the cartesian product p : Go X
L(Go) = L(Gp) x Gpand ! : Gg — 1 is the unique map to the terminal object.
The identity assigner i : FGy — G is induced by the universal property of
the equaliser, given that 1¢, x r(c); x1g, : Gp = Go x L(Gy) x Gy equalises
Diagram 7.1. We define dq,d : FG; — Gp by the following composites:

d1::(]Fg1—>GQXLG1XGOl>G())

do::(]Fgl—>G0XLG1XGOL>G0>.
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The map
FG1 xg, FG1

(GO X LGl X Go) X Gy (GO X LGl X Go)

o~

Go X LGl X LG1 X Go

1GO Xycl X 1G0
G() X LG1 X Go.
equalises Diagram 7.1. This therefore induces a map m : FG; X Go FG, — FG;.

Definition 7.6. [18, 7.2] Given an internal graph G = (G, Gy, s, t), we define an
internal category FG := (FGy, FGy,dq,do, i, m).

Moreover, this internal category is the free internal category on an internal graph,
forming an adjunction as recorded below. The unit of this adjunction # is defined
by g, := 1g, : Go — FGp and 776, : G1 — FG; which is induced by the universal
property of the equaliser, given that (dy, vg,,d1) : Gi = Go X LGy x Gp equalises
Diagram 7.1. The counit of the adjunction does an internal version of taking a
string of composable arrows and composing them.

Theorem 7.7. [18, Prop. 7.3] Let £ be a locos. The assignment G — FG provides a left
adjoint to the forgetful functor U : Cat(£); — Gph(&).

Remark 7.8. If £ has countable coproducts, then it is not too hard to prove that
for a graph G := (Gy, Gy,s,t), the object FG; = %, cNGp, where for n > 1, G, is
its object of composable n-arrows:

Gn = G1 X Gy - XGy Gl-

n times

In this case, the proof of Theorem 7.7 using the internal type theory of £ corre-
sponds to a proof using the universal property of the coproduct; internal induc-
tion becomes external universal property. This proof is categorically elegant, and
illuminates that the proof in [18] does not need regularity or exactness conditions.
We do not ask for £ to have countable coproducts as this is not an elementary
condition, despite the fact that arithmetic II-pretoposes with finite colimits which
do not have countable coproducts are hard to construct and do not interact well
with other toposes — see, for example, [13, D5.1.7].

Remark 7.9. As mentioned, the description we give for the free internal category
on an internal graph is different, but equivalent, to the one given by Maietti in
[18]. We choose this description as it does not rely on using the internal language
of a list-arithmetic pretopos, and it does not use coproducts which are indeed
not needed for the construction of free internal categories on graphs. We briefly
describe how to see the equivalence between the different descriptions, although
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a full proof is left to the interested reader. The key to this proof is in noting
that the object of non-empty lists of G, denoted L*(G;) and described in [18]
using the internal language of &, is isomorphic to L(G1) X Gy; the isomorphism
between them is given by the maps rX : L(G;) x G; — L*(G;) and (Bck, Las) :
L*(Gy) — L(G1) x G1, where Las : L*(Gy) — Gy internally takes the last element
of a non empty list and Bck : L*(Gy) — L(Gy) takes all elements except for the
last one. These maps are described inductively using the internal language of £
in [18, App. A]. One direction of the isomorphism is shown using the universal
property of the product and the list object. The other direction is shown using
internal induction on list elements, using the internal language of £. The proof
then proceeds by using the fact that L(G;) = 1+ G; x L(Gy). This is shown in
[13]. The proof is finished by noticing that the equalising diagrams constructed
give the same equaliser.

7.2 Examples of locoi with finite pullback-stable coequalisers

Below, we record some examples of suitable categories.

7.2.1 Locally cartesian closed locoi with coequalisers

Let £ be a locally cartesian closed locos with coequalisers. By Theorem 7.7, the
forgetful functor U : Cat(£); — Gph(&) has a left adjoint. By local cartesian
closedness, for any f : X — Y in &, the pullback functor f*: £/Y — £/X has a
right adjoint, and so preserves all colimits, in particular coequalisers. Therefore,
any example of such categories allows us to apply Theorem 5.2 and conclude that
Cat(&) has all finite 2-colimits. Some key examples of interest are given by fix-
ing a partial combinatory algebra A and considering the category of assemblies
Asm, over this. This also holds in the category of modest assemblies, Mod 4.
These examples will be examined in future work by the first named author and
Sam Speight. Note that these are not elementary topos, nor are pretoposes as they
are not exact but merely regular.

7.2.2 List-arithmetic pretoposes

A list-arithmetic pretopos is by definition an exact, extensive category with param-
etrised list objects. Moreover, it has pullback-stable coequalisers by the following
argument, communicated to us by Peter LeFanu Lumsdaine.

Lemma 7.10. Every list-arithmetic pretopos € has pullback-stable coequalisers.

Proof. Examine the proof of the existence of coequalisers in [18, Prop. 3.10]. This
process uses coproducts, list objects, pullbacks, image factorisation and a quotient
by an equivalence relation. All of these are preserved by any functor between
list-arithmetic pretoposes. Moreover, all of these conditions are local, and so are
preserved by slicing. Therefore, these steps are preserved by pullback. m

A class of examples of list-arithmetic pretoposes are given by the the syntac-
tic category for any univalent universes of dependent type theory that satisfies
axiom K and are closed under the empty type, unit type, sum types, dependent
sum types, propositional truncations, quotient sets, and parameterised natural
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numbers type. Conversely, any list-arithmetic pretopos gives a model of Martin-
Lof type theory which satisfies UIP [26]. Maietti proposes that list-arithmetic pre-
toposes are a suitable setting to formulate Joyal’s arithemtic universes [18], and
one can formulate many logical (in)completeness theorems internally to them.

7.2.3 Arithmetic I I-pretoposes

An arithmetic I'I-pretopos is a list-arithmetic pretopos which is locally cartesian
closed. As a consequence of [13, Theorem 2.5.17], any locally cartesian closed
positive coherent category with natural numbers object has (parametrised) list
objects, so we can replace the need of parametrised list-objects with the existence
of a natural numbers object in this case. Hence for £ a model of Palmgren’s con-
structive elementary theory of the category of sets [23], which give categorical
models of Bishop’s constructive set theory, Cat(€) has finite 2-colimits.

7.2.4 Elementary toposes with natural numbers object

Any elementary topos with natural numbers object is an example of an arithmetic
II-pretopos. Hence elementary toposes with natural numbers object are a suitable
setting for our results. This recovers [14, Corollary 6.10], which shows that for an
elementary topos with natural numbers object, Cat(£) has coequalisers. Their
proof is different from ours, and we generalise their method in Appendix B.
Hence, any model of the elementary theory of the category of sets [17] is a suit-
able setting for this work too. This is of interest in relation to [10]; any model of
the elementary theory of the 2-category of small categories has finite 2-colimits.

7.2.5 Grothendieck toposes

Any Grothendieck topos is an elementary topos and has a natural numbers object
given by the constant sheaf on the natural numbers in Set. However, these exam-
ples are already covered by Proposition 1.2 by noting that Grothendieck toposes
are locally finitely presentable.

7.2.6 Further extensions

For any category satisfying the conditions of Theorem 5.2, there are a host of
model structures on Cat(&) given by [7]; having finite colimits in Cat(€) is one
of the assumptions necessary for their model structures, and so our work gives
more examples of when their theorem can be applied.

This is related to work by the first named author [9], in which the present work
is used to show that for locally cartesian closed & satisfying the conditions of
Theorem 5.2, the (2,1)-category Gpd(€) forms a model of Martin-Lof type
theory.

The axioms studied in the present paper are not satisfied by £ = Cat;, the 1-
category of small categories, despite the fact that it is a locos and so by
Theorem 7.7, the forgetful functor ¢ : Cat(£); — Gph(&) has a left adjoint.
The issue lies in the fact that coequalisers in Cat are not stable under pullback.
An example that shows this is is given on [24]. However, Cat is locally finitely
presentable, so we could apply Proposition 1.2 and conclude that Cat(Cat), the
2-category of double categories has finite colimits.

In future work, we look to extend the method of this paper to prove this with-
out using local finite presentability, and more generally for £ = Cat(C); the 1-
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category of categories internal to C a an extensive 1-category £ with pullbacks
and pullback-stable coequalisers in which the forgetful functor ¢/ : Cat(£); —
Gph(€) has a left adjoint to conclude that Cat(Cat(E)), the category of double
internal categories has finite 2-colimits. Part of this work proves that Cat has
lax-pullback-stable coequalisers, a result of independent interest.

In relation to this, we also hope to work on extending this methodology to show:
the existence of finite 2-colimits in PsCat(/XC) for K a suitable 2-category after a
suggestion by Bryce Clarke; the existence of finite 2-colimits in T-multicategories
after a suggestion by Nathanael Arkor; the existence of finite 2-colimits in the
2-category of internal models of an essentially algebraic theory after a suggestion
by Peter LeFanu Lumsdaine. For the case that £ = Set, the latter is shown by a
argument similar to Proposition 1.2 as these are equivalent to locally presentable
categories, so this would provide a general way of working with internally locally
presentable categories.

A A proof of associativity in Proposition 3.1

We define C3 as the following pullback.

73,0
C3 —_— C2

_
73,1 45

C, s (.

To show associativity, we must show that the following diagram commutes

mxC
C3 —1> Cz

¢

C1 X By C2 m (Al)
Clxml
C, —— Cy.

Construct Q3 : B3 — C3 by the universal property of Cs as a pullback as in the
following diagram

73,0
B3 —_— Bz

N
713,1l \\Qs \QZ‘
N

13,0
C3 —_— C2

B,
Ns,ll - lﬂ'l

CZTC1
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in which Qs exists by the commutativity of the following diagram:

73,0
B3 E— B2

NG

Bz—)Bl

\Yl

CZTO)Cl

Since coequalisers are assumed to be stable under pullback in &, it follows that
Q3 coequalises the following pair of parallel arrows L x g, L Xp, L — Bs:

m? - F xp, m*-F xp, m*-F, m?. G xpg,m*- G xp,m?-G.
Hence we can appeal to the universal property of the coequaliser: to show that
Diagram A.1 commutes, it is enough to show that the diagram commutes when
precomposed with Q3. This is witnessed by the following diagram.

mxBOCl
B > Cz
mxBOB1
Q3
C By xp, B m
o Bl Xm m
C1 X By Cz B Bz T) Bl
1 Q1
xBom
4 Q2 4
C2 p. ? C1

In the above, the regions labelled A and B are shown to commute by appealing
to the universal property of C; as a pullback of 7, 11 : C; — Cy, and showing
that the regions commute after postcomposing with these projections.
The commutativity of the region A is shown by the following pair of commutative
diagrams.

Q3 mx gy Cy

B3 > C3 > C2
13,0
lﬂa,o
B Q2
2 —— (&
mxp, By lm TTo
By "
y \
Bz > C ? C1

Q2 2 7To
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Q3 mXBocl
Bg ? C3 ? Cz
73,1
lﬂa,l
B, —2 . G
mXBOBl lﬂ'l Us|
s
By '
us| Ql
B2 Qz 7 C2 M 7 Cl

The commutativity of the region B is shown by the following pair of commutative
diagrams.

Bl Xpm Q
g 0 2
B3—>B1 XBOBZ >Bz >C2
73,0 lno
7T
Q3 B — 2 By
le
~ 7T
13,0
C3 > Cz o))
\
o
C1 X By C2 CleOm > Cz o > Cl
Bl Xpm Q
o 0 2
B3—>B1 XBOBZ >Bz >C2
31
lTL’Bz yn)
Qs B, — 2 —— B
le
v 7'[0
73,1
C3 > C2 o))
7'(C2 \
o
C1 X By C2 C1><Bom > Cz o > C1

Putting all the above steps together, we have shown that associativity holds.

B A second proof using monadicity

In this section, we give a second proof of our result using the methodology de-
scribed in [14, Cor. 6.10].
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Assume that £ is an extensive category with pullback-stable coequalisers in which
the forgetful functor U/ : Cat(€); — Gph(&) has a left adjoint. We wish to show
that Cat(€) has coequalisers of reflexive pairs. To do this, it is enough to show
that &/ : Cat(€£); — Gph(&) is monadic as monadic functors create all colim-
its that exist in their codomain and are preserved by the monad. The category
Gph(&) is an £-valued presheaf category on the parallel arrow category, and so
has all colimits that £ does. By assumption, this includes coequalisers.

We wish to apply the crude monadicity theorem to the functor ¢/ : Cat(€) —
Gph(&). The conditions for the crude monadicity theorem are the following.

1. U has a left adjoint.

2. U reflects isomorphisms.

3. Cat(&) has coequalisers of reflexive pairs.
4. U preserves coequalisers of reflexive pairs.

By assumption, (1) holds. By definition, it is clear that (2) holds. Therefore, it
remains to show (3) and (4). To this end, we note the following which follows
from Proposition 3.1.

Lemma B.1. Let & be a category with pullback-stable coequalisers. Any reflexive pair
F,G : A — B of internal functors between internal categories such that Ay = By and
Fy = Go = 14, has a reflexive coequaliser in Cat(E).

Remark B.2. In this case, the coequaliser is simpler. It is enough to run the argu-
ment of Proposition 3.1 with L there replaced by the coequaliser of F;, Gy : A1 —
B;. This is because we are not causing any newly composable arrows since the
categories are already equal on objects.

The following is evident in the proof of Proposition 3.1.

Corollary B.3. The forgetful functor U : Cat(E) — Gph(E) creates coequalisers of
reflexive pairs F, G : A — B such that Ag = By and Fy = Go = 14,.

The argument in [14, Cor. 6.10] concludes by saying that both Linton’s theorem
and the crude monadicity theorem only require these kinds of reflexive coequalis-
ers in their argument. In order to be vaguely self-contained, we spell out the
details of this below.

Since we are in an abstract setting, we must prove the following.

Lemma B.4. Let £ be a category with pullback-stable coequalisers and terminal object in
which the forgetful functor U : Cat(£) — Gph(E) has a left adjoint F : Gph(E) —
Cat(E). Then for any X € Cat(E&), (FUX)y = Xo.

Proof. We first note that the functor (—)y : Gph(£) — Cat(€) has right
adjoint indisc : £ — Gph(&) which is equal to the composite indiscol/ : £ —
Cat(€) — Gph(&). Since left adjoints are unique, it follows that (—)goF = (—)g
as required. n

We will denote the counit of the adjunction € : Fif = id.
Next we note that given A € Cat(&), the following is a reflexive coequaliser
diagram that is identity on objects.
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€FUA
FUFUA —  FUA —25 A,
]FU(GA)

GivenF, G : A — B, we spell out how to construct its reflexive coequaliser below.
Let Q : UFUB — E denote the coequaliser in Gph(€) of UF, UG : UA — UB
and Q' : UB — E’ denote the reflexive coequaliser in Gph(&) of

UFUF, UFUG : UFUA — UFUB.
Note that there is a pair of maps IFE’ — FFE induced by
erpyBFQ : FUFUB — FE

and
FU (ep)FQ : FUFUB — FE

given that they coequalise FUIFUF and IFUIFUG by the triangle identities for ad-
junctions. Denote these induced maps by u, v : FE' — FE. Note that these maps
are identity-on-objects since all the other maps involved in their construction are
too by Lemma B .4.

Calculate this pair’s reflexive coequaliser:

which exists by Lemma B.1 since it is a parallel pair of functors that are identity-
on-objects.
Construct the following diagram.

FUFUF
FUTFUA FUFUB ——  FE’

_
FUFUG
Fu(eA)k keﬂm IFU(eB)B keFUB k k
FUF

FUA FUB —  FE

A

Vv

&
@)

G

In any such diagram in which the top two rows are reflexive coequalisers, and
every column is a reflexive coequaliser, then there exists an arrow on the bottom
row making it a coequaliser diagram [28, Prop. 2.11]. Hence we have calculated
the coequaliser and shown the following result.

Proposition B.5. The functor U : Cat(E) — Gph(E) is monadic.

Corollary B.6. Cat(&) has finite 2-colimits.



384 C. Hughes — A. Miranda

References

[1] J. Adamek, J. Rosicky, Locally Presentable and Accessible Categories, London
Math. Soc. Lecture Note Ser. 189, Cambridge University Press, Cambridge,
1994.

[2] E Borceux, D. Bourn, Mal’cev, protomodular, homological and semi-abelian cate-
gories, Math. Appl. 566, Kluwer Academic Publishers, Dordrecht, 2004.

[3] M. A. Bednarczyk, A. M. Borzyszkowski, W. Pawlowski, Generalized congru-
ences — epimorphisms in Cat, Theory Appl. Categ. 5 (1999), 266-280.

[4] ]J. Bourke, Codescent objects in 2-dimensional universal algebra, PhD thesis, Uni-
versity of Sydney, 2010.

[5] J. Bourke, R. Garner, Two-dimensional regularity and exactness, ]J. Pure Appl.
Algebra 218 (2014), 1346-1371.

[6] A. Carboni, S. Lack, R.EC. Walters, Introduction to extensive and distributive
categories, J. Pure Appl. Algebra 84 (1993),145-158.

[7] T. Everaert, R. Kieboom, T. Van der Linden, Model structures for homotopy of
internal categories, Theory Appl. Categ. 15 (2005), 66-94.

[8] J. Helfer, Internal 1-topoi in 2-topoi, Preprint ArXiv:2407.19358, 2024.

[9]1 C. Hughes, The algebraic internal groupoid model of Martin-Lof type theory,
Preprint, ArXiv:2503.17319, 2025.

[10] C. Hughes, A. Miranda, The elementary theory of the 2-category of small cate-
gories, Theory Appl. Categ. 43 (2025), 196-242.

[11] P. T. Johnstone, Topos theory, Academic Press, London, 1977 (Dover reprint,
Courier Corporation, 2014).

[12] P. T. Johnstone, Sketches of an elephant: a topos theory compendium Vol. 1, The
Clarendon Press, Oxford University Press, Oxford, 2002.

[13] P. T. Johnstone, Sketches of an elephant: a topos theory compendium Vol. 2, The
Clarendon Press, Oxford University Press, Oxford, 2002.

[14] P. T. Johnstone, G. C. Wraith, Algebraic theories in toposes, in “Indexed cate-
gories and their applications”, Lecture Notes in Math. 661, Springer-Verlag,
Berlin-New York, 1978, p. 141-242.

[15] G. M. Kelly, Elementary observations on 2-categorical limits, Bull. Austral. Math.
Soc. 39 (1989), 301-317.

[16] S. Lack, G. Tendas, Virtual concepts in the theory of accessible categories, J. Pure
Appl. Algebra 227 (2023), 107-196.

[17] F. W. Lawvere, C. McLarty, An elementary theory of the category of sets (long
version) with commentary, Repr. Theory Appl. Categ. 11 (2005), 1-35.



Colimits of Internal Categories 385

[18] M. E. Maietti, Joyal’s arithmetic universe as list-arithmetic pretopos, Theory
Appl. Categ. 24 (2010), 39-83.

[19] A.Miranda, Internal categories, Master thesis, Macquarie University, 2018.

[20] S. Mac Lane, Categories for the working mathematician second ed.,, Grad. Texts
in Math. 5, Springer-Verlag, New York-Berlin, 1998.

[21] S. Niefield, Exponentiability in double categories and the glueing construction,
Theory Appl. Categ. 35 (2020), 1208-1226.

[22] S. Niefield, D. Pronk, Internal groupoids and exponentiability, Cah. Topol.
Géom. Différ. Catég. 60 (2019), 404-432.

[23] E.Palmgren, Constructivist and structuralist foundations: Bishop’s and Lawvere’s
theories of sets, Ann. Pure Appl. Logic 163 (2012), 1384—1399.

[24] M. Shulman, Exponentials in a 2-category, nCatLab page, accessed Feb 2025,
Revision 20

[25] R. Street, Cosmoi of internal categories, Trans. Amer. Math. Soc. 258 (1980),
271-318.

[26] T. Streicher. Investigations into intensional type theory, Habilitiation Thesis,
Ludwig Maximilian Universitét, 1993.

[27] M. Weber, Yoneda structures from 2-toposes, Appl. Categ. Structures 15 (2007),
259-323.

[28] H. Wolff, V-cat and V-graph, J. Pure Appl. Algebra 4 (1974), 123-135.

Department of Mathematics, University of Manchester, Alan Turing building,
Oxford Road, Manchester M13 9PL, United Kingdom

emails: calum.hughes@postgrad.manchester.ac.uk,
adriantosharmiranda@hotmail.com



